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Dynamic Stability of a Mobile Manipulating Unmanned Aerial Vehicle 
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Ahstract- This paper presents a control scheme to achieve 
dynamic stability in an aerial vehicle with dual multi-degree 
of freedom manipulators. Arm movements assist with stability 
and recovery for ground robots, in particular humanoids and 
dynamically balancing vehicles. However, there is little work 
in aerial robotics where the manipulators themselves facilitate 
flight stability or the load mass is repositioned in flight for added 
control. We present recent results in arm motions that achieve 
increased flight stability without and with different load masses 
attached to the end-effectors. Our test flight results indicate 
that we can accurately model and control our aerial vehicle 
when both moving the manipulators and interacting with target 
objects. 

I. INTRODUCTION 

In recent years, robots that rely on dynamic control 
techniques for movement or manipulation have become in­
creasingly prevalent. Robotic systems of this type involve 
challenging control problems due in part to the fact that a 
robot's base and it's manipulators may be dynamically cou­
pled. For dynamically balancing robots, robots with flexible 
bases, or humanoids, base reactions created by the vehicle's 
manipulator may be significant enough to warrant active re­
duction or compensation to maintain stability. Previous work 
with ground systems has shown that if vibration suppression 
control is not correctly handled it can lead to destabilizing 
effects [1]. Additionally, others have analyzed arm recovery 
motions to reduce the impact on a dynamically stable base 
vehicle [2]. Similar work with humanoids has been done 
involving balancing during manipulation or grasping for 
added stability [3]. 

Although work has been done in this area with ground­
based vehicles, little work has been done in aerial vehicles 
where arm or manipulator motions may lead to decreased sta­
bility and control problems. There have been recent attempts 
in aerial grasping using a I-DOF (degree of freedom) grasper 
or gripper [4], [5], [6]. Other groups have introduced gimbals 
[7], suspended payload [8], force sensors [9], or brushes 
[10] attached to quadrotors or duct-fan vehicles where the 
manipulator is used for contact inspection. The AIRobots 
consortium [11] is also developing service robots for use in 
hazardous or unreachable locations. Previous work from the 
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Fig. 1: MM-UAV carrying a long rod 

authors has produced a prototype 3-arm aerial manipulator 
in addition to a miniature test and evaluation quadrotor 
emulation system [12], [13]. 

It is apparent that compensation of reactionary forces 
caused during manipulation or manipulator movement is 
critical to robust control of an aerial vehicle. Reaction 
forces observed during arm movement and those caused by 
ground contact introduce destabilizing effects into an already 
inherently unstable system. Novel control architectures for 
flight and arm dynamics are required to maintain stability 
during manipulation and flight. However, aerial grasping and 
manipulation still remains largely underdeveloped. This fact 
is mostly due to poor payload capabilities available from 
micro UAVs in addition to the possibility of crashing and 
causing injury. 

This paper presents a tightly coupled dynamic and kine­
matic model for a mobile manipulating unmanned aerial ve­
hicle, dubbed MM-UAV, as shown in Fig. 1 and described in 
Sections II and III. Stability analysis (Sec. I V) is performed 
on the model to develop permissible arm movements that do 
not violate flight stability regions. The model and control 
architecture are implemented in both simulation (Sec. V) 
and hardware (Sec. VI) to characterize and compensate for 
reactionary forces. The end-effector pose for each arm (2 
total) is a combination of the six DOFs of the quadrotor 
and the four DOFs for each respective arm for a total 
of 16 degrees of freedom. The aerial manipulation system 
presented in this paper can successfully grasp and transport 
various objects while maintaining stable flight. 

II. MANIPULATOR MODEL 

A. Manipulator Kinematics 
Forward kinematics for the two serial chain manipulators 

are derived using Denavit-Hartenberg (DH) parameters as 
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TABLE I: Denavit-Hartenberg Parameters for Manipulators 
[em]. Showing Arm A only for clarity. 

shown in Table I. Parameters e, d, a, and a are in standard 
DH convention and q;, qr, qr, and q{ are joint variables of 
each manipulator arm i = [A, B]. Both arms are symmetrical 
and offset equally from the vehicle's geometric center. Since 
the general kinematic structure is identical for the right and 
left arms, the coordinate frames are the same for each arm, 
only the link B-O is different. Reference frames are shown 
in Fig. 2 which relate the inertial or world frame, W, to the 
vehicle or body frame, B, to the tool or end-effector frame, 
E. To make the DH parameters consistent, an additional 
frame T is set in the origin of frame L4 (Fig. 2). The 
direct kinematics function relating the quadrotor body to 
the end-effector frame is obtained by chain-multiplying the 
transformation matrices together: 

(1) 

To account for quadrotor position and orientation with re­
spect to the world frame W, an additional matrix multipli­
cation has to be made with a 6-DOF Euler transformation 
matrix T{f,. 

B. Manipulator Dynamics 
Using the recursive Newton-Euler approach, each arm is 

modeled as a serial chain RRRR manipulator. The quadrotor 
body frame is first modeled as a static revolute joint with 
a constant angular offset for each MM-UAV arm (Link B-
0). Equations can easily be augmented to account for the 
mobile base by adding quadrotor dynamics to the base frame 
[14]. In this paper, forces and torques are viewed from 
the quadrotor body frame in which the low level attitude 
controller stabilizes the aircraft [12]. Given the initial angular 
0,B and translational VB velocities and accelerations of the 
quadrotor, the angular wj and translational Vj velocities and 
their derivatives for each link j and arm i, can be expressed in 
the quadrotor body frame. After forward step calculations of 
joint speeds and accelerations, applying Newton-Euler laws 
obtains the necessary force and torque equations. 

III. QUADROTOR MODEL 

A. Quadrotor Dynamics 
The focus of this paper is to show how manipulator 

dynamics influence the dynamics of the quadrotor. As such, 
quadrotor dynamics considered in this paper do not ac­
count for various aerodynamic effects (i.e. blade flapping, 
ground effect, etc.) experienced during highly dynamic flying 
maneuvers. Most of the vehicle's critical motions occur 

Fig. 2: Reference Frames for Manipulator Arms 

around hover outside of ground effect. This fact justifies a 
simplified mathematical model since with given speeds and 
maneuverability, the quadrotor experiences little to none of 
the previously mentioned aerodynamic effects. 

The quadrotor dynamic model begins with Newton-Euler 
equations for rigid body translation and rotation [15]. 
Because the mobile manipulator dynamics are introduced 
through the recursive Newton-Euler method, it is possible to 
consider the quadrotor motion as separate from the manipula­
tor. Manipulator mass, moments of inertia, and movement are 
later calculated and regarded as disturbances to the quadrotor 
model. 

(2) 

The second key part of quadrotor dynamics is the propul­
sion system torque and thrust. With no additional aerody­
namic effects, propeller thrust and drag can be estimated 
using the NACA-standardized thrust and torque coefficients 
CT (3a) and CQ (3b). In [16], the authors measured the 
performance of various propellers used in UAVs. Knowing 
the thrust and torque coefficients of given propellers, one can 
easily calculate the thrust and torque of each propeller with 
respect to applied voltage. 

T 
CT= �D4 pn 

C -_
Q

­Q - pn2D5 

(3a) 

(3b) 

Rotor thrust and torque are marked T and Q, respectively; 
p stands for air density which is assumed to be constant; 
n ex: U[V] is the rotor speed; and D is the rotor radius. 
Forces and torques of each propeller are added according to 
standard quadrotor propulsion system equations as shown in 
(4). 

(4) 
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Dynamics of brush less DC motors used on the aircraft 
proved to have an important impact in aircraft stability and 
cannot be omitted from the MM-UAV model. Off the shelf 
electronic speed controllers are used to power and control 
the motors, which makes it impossible to devise a complete 
model for the motors. Therefore, a simplified 1st order PT1 
dynamic model is used. 

I V. STABILITY ANALYSIS 

Given the dynamic model for both manipulators and the 
quadrotor body, a simplified arm model is utilized to estab­
lish stability criteria for the complete system. Much of the 
previous work in quadrotor flight and stability assumes the 
geometric center and quadrotor center of mass are coincident. 
In our model as shown in Figs. 3a and 3b, the quadrotor 
center of mass Q C M is shown offset downward in the z 

direction due to the mass of the arms. Further, the overall 
center of mass, ClvI, shifts based on the joint angles of the 
two shoulder joints. 

Previous work in aircraft stability analysis has measured 
center of mass offsets based on the load mass while ignoring 
affects from the gripper [4], [5]. In this work, the 4-DOF 
arms and end-effectors introduce a significant increase in 
payload and disturbance to the dynamics and therefore 
cannot be neglected. 

A. Simplified Kinematics 

In this simplified kinematics model (Figs. 3a and 3b), only 
the movement of the first two ann joints are analyzed (i.e. 

q1, q�, q1, and q�). The remainder of the arm joints remain 
fixed. This simplification allows us to view the arms as links 
of length 2C1, 2C2 and mass m1, m� respectively, and 
corresponding moments of inertia: 

mC2 
1= --cos(8)2 

12 
(5) 

with 8 marking the angle between the axis of rotation and 
link C. Key aspects observed are the changes in roll and pitch 
angle dynamics. This analysis could later be easily applied to 
yaw angle stability. Both figures show how the arms A and 

B movements affect rolling and pitching angle accelerations 
wy and wx. One can easily calculate the varying center of 
mass CM: 

CM = 
QemmQ + AemmA + BemmA 

(6) 
mQ +2mA 

as a function of varying vector distances of link centers 
of mass Aem and Bem, a constant vector quadrotor center 
of mass Qem and link masses mA = mB together with 
quadrotor mass mQ. Vectors Aem and Bem change as 
joints q1) q1 and q�) q� move. Analyzing the two situations 
separately, the equations for these vectors can be derived: 

Aem = [D - C1sin(q1)] i: + [LI + CICOS (q1)] Z (7a) 

Bem = [CIsin(q1) - D] i: + [LI + CICOS (q1)] Z (7b) 

Aem = -Di: + [-C2sin(q�)] y + [L2 + C2COS (q�)] Z 
(7c) 

Bem = Di: + [C2sin(q�)] y + [L2 + C2COS (q�)] Z (7d) 

where the constant dimensions D, L1 and L2 are marked 
in Figs. 3a and 3b). The equations show how in these two 
situations, movements of joints 1 and 2 have a very same 
mathematical representation. This leads to the conclusion 
that the final equations will have a similar form. 

The overall moment of inertia C M changes as the joints 
move. This variation can easily be derived using the Parallel 
axis theorem: 

1em = 1Q +1A +1B+ 
+ mQtJ.Q2 + mAtJ.A2 + mBtJ.B2 (8) 

Where tJ.Q) tJ.A and tJ.B represent the center of mass of 
each body with respect to the overall center of mass CM. 

A Q __ 
mA (Aem + Bem - 2Qem) 

L...l. (9a) 
mQ +2mA 

tJ.A = 
mQ (Qem - Aem) + mA (Bem - Aem) 

mQ +2mA 

tJ.B = 
mQ (Qem - Bem) + mA (Aem - Bem) 

mQ +2mA 

(9b) 

(9c) 

Final equations for C M moment of inertia are too complex 
to be presented in analytic fonu, therefore the overall changes 
in 1CM are shown in Fig 4. The images are plotted relative 
to the quadrotor moment of inertia 1Q. Although the effects 
of each joint change are similar, there are a few substantial 
differences: Joints 1 cause a greater shift in C M than Joints 
2, due to the fact that they carry longer part of the MM­
UAV arms; Furthermore, Joints 1 cause opposite effects 
on 1xx and 1yy. With the arms in a horizontal position 

(q1 = q1 = -90°), 1yy increases, while 1xx following 
(5) decreases; Because the joints are perpendicular to each 
other, their effects are reversed; Joints 2 have a slightly 
larger operating range (i.e. 180° instead of 120°); Finally, we 
conclude that Joints 2 have a similar effect on both moments 
of inertia, increasing them when the anus are fully extended 
downwards. The biggest effect is observed on the y axis 
when Joints 1 move, and the biggest variations in moment 
of inertia are observed on the x axis, when Joints 1 move. 

B. Angle Control Stability 
Control of the MM-UAV body is achieved through PI­

D control shown in Fig. 5. This form of PID control 
was chosen because it eliminates potential damages to the 
actuators that can usually be experienced when leading the 
control difference directly through the derivation channel 
[17]. In order to analyze the stability of the system, one 
needs to know the varying parameters in the control loop. 
The disturbance caused from the Euler equation component 
wywz(Iyy -1zz) affects the behavior of the control loop, but 
not its stability and therefore will not be considered in this 
analysis. The major factor that affects the stability of the 
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Fig. 4: Moments of inertia variations with respect to joint angle changes. 

aircraft is the moment of inertia J = lxx, lyy. Mathematical 
formalisms that describe the variations in the moment of 
inertia were given in Sec. I V-A. 

The transfer function of the angle control loop in Fig. 5 
can easily be derived (10). Similarly as in [5], the stability 
conditions are applied to its 4th order characteristic polyno­
mial a4s4 + a3s3 + a2s2 + als + ao, where the 4th order 
dynamic system includes both the dynamics of the aircraft 
and motor dynamics. 

KDKm ( Kp S + 1) KiTmJ Ki 
GacL = ----------���--��K�K�� K�--���=­s4 + ---.Ls3 + KDKm s2 + d Tn P S + KdKmKi 

Tm TmJ TmJ TmJ 
(10) 

Coefficients KD, Kp and Ki are PI-D respective gains and 
Km and Tm represent propulsion system gain and motor time 
constant. If we apply the Routh-Hurwitz stability criteria, 
it is possible to derive the analytical equations for stability 
conditions. The necessary system stability conditions require 
that all coefficients be positive and that inequalities in (11) 
are satisfied. Stability criteria (11) shows that, due to the 
dynamics introduced from the motors (i.e. Tm), the propor­
tional control Kp can drive the system unstable. In fact, only 
the derivative control Kd has the sole purpose of stabilizing 

the system. This shows how the motor dynamics cannot be 
neglected when analyzing MM-UAV stability. 

Kd�mKp (1 - TmKp) > J (11a) , 
(11b) 

Moreover, the angle control loop in Fig. 5 can be observed 
as a cascade system, where the KD gain serves as inner loop 
controller. This approach enables tuning the PI-D controller 
in two separate steps (i.e. rotation speed and angle loop). 
After closing the speed loop, the inner loop transfer function 
takes the standard 2nd order transfer function form: 

1 
Gw = (12) CL 1 + ___ 

J 
__ s + JTm S2 

KDKm KDKm 
It can further be shown that the equations for the system's 
natural frequency Wn and damping ratio ( are: 

Wn = J K;
T
:m 

(13a) 

(13b) 

4925 



Fig. 5: Attitude Control (Showing only pitch angle for clarity) 

While from (11) follows that a smaller moment of iner­
tia increases the system stability, (13) shows that smaller 
moments of inertia cause oscillations in the inner loop. 
While that is not a problem in this analysis, in the actual 
implementation, where a discrete form and input limits are 
used, the amplitude and frequency of these oscillations can 
cause serious problems and stability issues. The amplitude 
can cause problems when faced with control inputs limits 
(i.e. 12V) and the frequency is of concern when it surpasses 
the sampling frequencies. Smaller moments of inertia pro­
duce higher frequencies and smaller damping ratios thus can 
decrease the stability in multiple ways. 

V. SIMULATION 

The simulation model for MM-UAV must incorpo­
rate quadrotor dynamics and propeller aerodynamics from 
Sec. III, together with a complete dynamic model of the 
arms (Sec. II), controlling the system with a PI-D controller 
from Sec. I V. Fig. 6 shows the layout for the simulation 
model used in this paper. The attitude controller takes angle 
reference values and quadrotor feedback signals as input. A 
PI-D algorithm then calculates the necessary rotor speeds that 
power the propeller dynamics block that produces respective 
torques and forces applied to the body. A recursive Newton­
Euler dynamic model is used to model the arms as a 
disturbance to the quadrotor control loop. This recursive 
model calculates the torques and forces based on movements 
of the arms and quadrotor dynamics. Arm movement is 
modeled through a PT2 dynamic system, tuned with the 
technical optimum criteria, that emulates expected servo 
motor dynamics. Matlab was used for simulations and a 
recursive Newton-Euler dynamics model of the manipulators 
was implemented using the Robotics Toolbox [18]. 

In order to test the proposed stability analysis, a series of 
simulation tests were run. Fig. 7 shows the results of one of 
these tests. In this particular test, the quadrotor roll controller 
was tuned close to the stability boundary. The aircraft takes 
off with arms tucked and stowed. After the vehicles settles to 
a hover, the arms are deployed down and fully extended, thus 
increasing the moments of inertia. This movement causes the 
roll angle control to become unstable, which can be seen in 
the red portion of Fig. 7. The pitch controller, on the other 
hand, is tuned closer to the safe, stable controller region, 
and thus does not become unstable. It does, however, exhibit 

Fig. 6: Simulation Scheme 

Quadrotor 
Model 

�:LZ I 1 
�] I I 3 
� �E--+--I ,,-------rI:::::3 

time [a] 

(:k-------+-------I � 
o 2 10 20 

time (s] 

Fig. 7: Matlab Simulation (Take off with arms stowed , 

Oscillations settled ; Deploying arms move): Propulsion 
system thrust and torque values 

4926 



1600 

E 1400 .s 
N 

OJ 
OJ 
co 
« 

615 620 625 630 635 

1 500�X 

g O Y 
'" 
'00 fi -500 

61
L
o------6

�
1�5

------6
J

2�0----�6
�
25�

��
�6�30�

�
--�

635 
Time [sl 

Fig. 8: Grab and Drop 

more oscillatory behavior, due to the increase of its moment 
of inertia. 

The bottom two graphs from Fig. 7 show the rotor forces 
and torques from this experiment. It is interesting to notice 
how the controller compensates for the additional torque load 
at the beginning of the experiment. This load is caused by 
the arms' center of mass positioned away from the QCM. 
This causes static torque on the quadrotor body, which the 
integral component of the PI-D controller compensates. Once 
the arms are extended downward, this torque disappears as 
the arms' center of mass are closer to QCM. 

VI. EXPERIMENTAL RESULTS 

In this section, the results of three different experiments 
are presented: unladen flight with arm articulation, long 
cylinder grab and curl, and foam block grab and drop. Fol­
lowing lift-off under manual control, the autopilot is enabled. 
The operator can move the aircraft to achieve a suitable hover 
location in addition to changing arms from a stow position 
to grab posture. The first experiment demonstrates changes 
to vehicle pitch and roll angles over time when the arms 
are articulated up and down without a load mass attached. 
The second experiment demonstrates grasping onto a long 
cylindrical rod and performing "curling" style movements 
where the rod is moved in an up and down motion. The last 
experiment consists of a grab and drop of a foam block. The 
arms are used to clamp the block, the aircraft moves to a 
desired location, and the block is released (Fig. 8). In this 
experiment, when the block is grabbed, the vehicle drops in 
altitude and shows oscillations along the x axis. Once the 
block is released, the vehicle stabilizes and gains in altitude. 
The second peak in Fig. 8 demonstrates the same behavior. 
Refer to the attached video for flight test experiments. 

V II. CONCLUSIONS 

In this paper a multi-arm manipulating aerial vehicle using 
a small, off-the-shelf quadrotor is presented. One of the 
goals of this research is to further push the field of UAV 
research towards aerial mobile manipulation. The system 

kinematics and dynamics have been applied to our controller 
implementation to compensate for reactionary forces during 
arm movement. Through stability analysis, we have identified 
manipulator joint positions that ensure flight stability for a 
simple PI-D controller. Flight tests and simulation results 
confirm the kinematic and dynamic model and controller for 
the system. In the future, we plan to test different adaptive 
and robust control techniques in order to achieve greater 
flight stability and more dexterous manipulation. 
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