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Lecture 02



Discrete Kalman Filter

A [

Prediction

Predicted state X(k)” =F(k)x(k -1) + Bu(k -1)
Predicted estimate covariance P (k)™ = FP (k —1)F Ty Q

Observation

Innovation y(k)=1z(k)—-HX(k)"
Innovation covariance S(k)=HP (k) H "+ R

Update

« Optimal Kalman gain K(k)=P(k) HS (k)"
Updated state estimate X(k)=x(k) + K(k)y(k)
 Updated estimate covariance P(k)=(1 —-K(k)H)P (k)"



Recall Discrete Kalman Filter

A

Pretyiction

(1) Project the state ahead
R(k)™ = F(K)X(k 1) + Bu(k —1)
(2) Project the error covariance ahead

P(k)" =FP(k-1)F'" +Q

Initial estimates for
X(k -1 & P(k-1)

Observation and Update

(1) Compute the Kalman gain
K(k)=P(k) H"(HP(k) H" +R)™

(2) Update estimate with measurement z(k)
x(k) = x(k)” + K(k)[z(k) - Hx(k)"]

(3) Update error covariance

P(k)=(1-K(k)H)P(k)"




t=0

t=2

Another Example

Kinematic Equations

Yo = 125

Yo =

y:

yo= st + Latary

Yy, + aAt

Position (from model)

height

140

120

100+

80

B0

40

20

D 1 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2458 3 345 4 4.5 =3

tirme



Process Model

Process Model

y(k+1) = y(k) + y(k)At +%a(At)2
y(k +1) = y(k) + aAt

y(k+1)] y(k)|
where L’/(k+1)__X(k+1) and {y(k)}_X(k)
_ _ _A'[Z_
ck+1) = |- AUk« > |a
_O 1 | At




Observation Model

Observation Model

Z(k) = Hx (k) +v(k) where H =[l 0] becausezisa
measurement of the height directly

140

120

z=[127.0 1153  110.9
72.4 507 0.3]

height

B0 -

a0t

201

1 1 1 1 1 1 1 1 1
a 0.5 1 1.5 2 25 i 35 4 45 5
tirme



Kalman Filter

Initial Estimates R =1
Rk -1y = | YD1 P(k-D =[] | .

Prediction / \
1 1 1 0

- ) 1* - 11 - 0 O
X(K) :{0 1}x(k—l)J{J -9.81 P (k) _{O 1}P(k 1){1 1}{0 O}

Observation and Update

K(k)=P(k) H" (HP(k) H" +R)™
X(k) = x(k)™ + K(k)[z(k) - HX(k)"]
P (k)= (1 -K(k)H)P(k)"



Kalman Filter

14':' I I I I 1 1 1 1 1

hsys model

hmeasured

h

120

kalman

100 -

a0

height

&l

A0

20




Non-linear Systems?



Non-linear Systems

Kalman Filter

e Limited to a linear assumption

A non-linearity in a system can be associated with either the process
model or the observation model (or both)

Extended Kalman Filter

 Process and observation models can both be non-linear

x(k) = f(x(k =1),u(k =1), w(k -1))
2(k) = h(x(k),v(k))

where f and h are non-linear functions



Extended Kalman Filter

Noise Parameters

« In practice, one does not know the noise values w(k) and v(k) at every

time step
* Instead, the state and measurement vector are approximated without

them

X (k)= f(X(k-1),u(k),0)
Z (k) =h(X(k),0)

where X(k) is some a posteriori estimate of the state



EKF

X (k)= f(X(k-1),u(k),0)
Z(k) =h(X(k),0)

To estimate a non-linear process, we need to linearize system at the
current state

x(k) = X (k) + A(x(k =1) = X(k =1))+Ww (k —1)
z(k) = Z (k) + J, (x(k) = X (k))+Wv (k)

x(k), z(k) : actual state and measurement vectors

X (k), Z (k) : approximate state and measurement vectors
X(k) :a posteriori estimate of the state at step k

w(k), v(k) : process and measurement noise
A . Jacobian matrix of partial derivatives of f w.r.t. X
W : Jacobian matrix of partial derivatives of f w.r.t. w
Ji . Jacobian matrix of partial derivatives of h w.r.t. x

\% . Jacobian matrix of partial derivatives of h w.r.t. v




EKF

Let’s define new notations for the prediction and measurement error
e, (k) = x(k) —x(k) e, (k) =z(k) -7z (k)
Therefore, we have
g (k) =~ A(x(k —=1) - X(k =1) )+ & (k)
8, (k) = 3,8, (k) +7 (k)

p(e(k))~ N(0,WQ (k)W )

where g(k) and n(k) represent new noise var.
p(r(k)~ N(O,VR(k)V )

The above equations are linear and closely resemble the difference
equations from the discrete KF. Therefore, we could use a 2"d Kalman filter
to estimate the prediction error

é(k)=e(k) + K, (z(k)=Z(k))= K, E,(k) (update equation)

> € (k) =[Xx(k)} x (k) This is what we are trying to find!!




EKF

Rearranging the predicted error estimate yields

e (k) =x(k)-x(k) =—=>
Plugging in from the previous slide

R(K) = X(K) + K, &, (k) =—>

X(k) = X (k) + €, (k)

X(k) = X (k) + K, (z(k) - Z(k))

The equation above can now be used in the measurement update in EKF!




EKF

Prediction

« Predicted state X(k) = f(X(k =1),u(k —1),0)
« Predicted estimate covariance P(k)” =F(k)P(k -1)F (k)" +W (k)Q(k —DW (k)'

Observation

e Innovation y(k)=1z(k)-H where H is the sensor model
e Innovation covariance S(k)=J, (k)P (k) J, (k)" +V (k)R(k)V (k)'

Update

« Optimal Kalmangain K (k) =P (k) J, (k) ' S(k)™
« Updated state estimate X(k)=X(k)” + K(k)y (k)
« Updated estimate covariance P(k)=(1 —K(k)J, (k)P (k)"



EKF

Prediction

(1) Project the state ahead
X(k) = f (>?(k —1),u(k —1),0)
(2) Project the error covariance ahead

P(k)" =F(K)P(k-1)F (k)" +WK)QK -DW (k)"

Observation and Update

(1) Compute the Kalman gain
K(K) =P 3,007 (3, (PK) 3, (0" +VRORKV K

(2) Update estimate with measurement z(k)
X(k) = R(k)™ + K (K)[z(k) - H ]

Initial estimates for (3) Update error covariance

X(k-1) & P(k-1) P(k)=(1 - K(k)J, (k)P (k)"




A EKF In Action

An Example...



Simple Robot Model

Kinematic Equations

X=V cos@

y=Vsind

> Non-linear!




Simple Robot Model

Kinematic Equations f(x,u,w)

>‘.< =V Cf)S 0 x(k+1) ] || x(k)+ AtV (k) cos (k)
y:V sin@ ‘ y(( _|_1) — y(k)—l—AtV(k)S'n 0('()
5V tin y o(k+1) AtV (k) ian #(k)

Assumptions

e System inputs 1}
— Velocity (assumed constant, vel=3) g
— Steering angle (¢) £

 Atis fixed and equal to 1

e =1

o 10 iterations (N=10)

1 1 1 1 1 1 1 1 I
1] 2 4 ] g 10 12 14 16 13 20
i [meters |



Observation Model

Measurements are taken from an overhead camera, and thus x, y, and 6
can be measured directly

x(k)+v, |
z(k) = h(x(k),v(k)) === z(k)=|y(k)+v,
O(k)+v,

0r 160

measure d 140 F

120

y [meters]

1 Il Il 1 1 Il Il 1 Il 1 1 | ]
14 16 18 20 a 1 2 E 4 5 B 7 g g



EKF Example

Prediction

X(k) = f(X(k -1),u(k —1),0)
P(k)”" =F(K)P(k—1)F (k)" +W (K)Q(k —1

1d

from robot model

W (k)"

X(K) + AtV (k) cos@(k)
x(k+1) = f(x(k),u(k), w(k))=| y(k)+AtV (k)sino(k) —> | Need to calculate Jacobians!
oK)+ AtV (k) tang(k)
_afl ofy afl_ _@fl of; 6]‘1_
ox oy 00| 1 0 —Vsing oW, W, MW, | g g 0o
F(k) = A h Mg 1 veoss W (K) = o, M N |_1y 0 o
Noa oo 0o 1 M M Mol g 0 0
3 3 3 - - af3 af3 af3 _ i
| ox Y00 ow, ow, ow,




Kalman Gain

EKF Example

K (k) = P(k)"3, (k)" (3, (K)P(K)™ 3, (k) +V (K)R(K)V (K)' )

~~

2(K) = h(x(k),v(K)) =

‘]h(k):

o

o,

oh,

OX
oh,

oy
on,

00
oh,

OX
on

oy
on

00
on,

OX

oy

00

o O -

 X(K)+V, |

y(K)+v,
| O(K)+V, |

o - O

— O O

V(K) =

> | Need to calculate Jacobians!

o O =

o — O

O O




EKF Example

Measurement Update

(k) = X(k)” + K(K)(z(k) - H)
P(k) = (1 - K(k)J, (k))P(k)"

y [rmeters)

Ar 160
ys model
18+ reasure d 140 F
filtered
16 +
120
14 +
12l 100
2
10 @ 80
T
8r B0+
E_
401
4_
5L 201
a 1]

1 | 1 1 1 | | 1 1
a 2 4 G g 10 12 14 16 13 20
¥ [meters]



