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Forward Kinematics

Big Question: Want robot’s end-effector at desired point. What joint angles are needed?

* Inverse Kinematics is the topic that answers this

« Solution (if any) likely is non-linear, transcendental, and often non-unique
 Demands inverting a (transformation) matrix — multiple techniques

» Solution begins by understanding the transformation matrix

* So must first understand Forward Kinematics

Sanity Check: Given the 2-link planar manipulator below, what is the (x, y) position of the end-
point p?

Solution: Recall Relative Reference Frames from Physics, Mechanics and Kinematics

Step 1: Assign a reference frame
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Step 2: Apply vectors

Have the following:

Tio = Iy cos 0,1 + I, sin 6,]

Tp1 = I cos 6,i" + [, sin B,

Can show:

_ c, = cosf, and s;, =sinf
xpo = l1C1 + l2C12 where k k k k

cio» = cos(f,; +6,) =cosB, cosf, —sinb,;sinb (1)

S12 = sin(8; + 0,) = sin 8, cos 8, + sin 8, cos 6,

Take-away:
* The reference frames’ poses are not unique — can position and orient anywhere
» Solving for absolute position for N-links, where N is large, is tedious
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Denavit-Hartenberg Notation

Motivation:

* Provide a standard notation for labeling and locating a robot’s reference frames
« N links will yield N reference frames

« Standard is iterative and hence lends itself to computational implementation

« Caveats: Discrepant use of DH method — so read notation carefully

« Ultimately, DH is simply reference frames — but a lot of (robot) math is built on it

lllustrative Example: Given the 2-link planar manipulator below, apply DH notation and solve
for end-effector’s absolute location

Step 1: Count n, number of links. Place (arbitrary) origin of base frame x,y,z,

Yo 1

n = 2 links
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Step 2: Label and locate joint axes z,, z; :*- z,,—; and end-effector frame z,

Yo

Step 3: Position axes x4, x, - x,, along link (observing right-hand reference frame)

y
Yo 1 V1 | 2 \/ 2
» 7 2y
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Step 4: Identify link parameters to DH definitions

a; = distance along x; from O; to the intersection of x; and z;_; axes

d; £ distance along z;_; from 0;_; to the intersection of x; and z;_; axes
a; = angle between z;_; and z;_; measured about x; (right-hand rule)

0; £ angle between x;_; and x;_; measured about z;_; (right-hand rule)

Link k Hk dk a Ay

Link k Hk dk (045 Ay
2 9, 0 0 L,

This table is the DH notation for the 2-link
planar manipulator

NB: If joint k is revolute (like above), then d;, = 0. If joint k is prismatic, then a;, = 0

This video may be helpful for visualization https://www.youtube.com/watch?v=rA9tm0gTIn8
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Homogeneous Transformation Matrix

« Assigning reference frames is non-unique

« But DH notation serves as a kind of “standard” by robaoticists

e Much (robot) math (and simulators) builds upon using this DH “standard”
« Homogeneous Transformation Matrix and Tool Frame are examples

_Cei
Sgl'
0
L 0

=
ll>

—s0;ca;
cO;ca;
Sa;

0

stisa;  a;co; Where 4; is called the Homogeneous
—cO;sa; a;so; Transformation Matrix and maps frame
ca; d; fromi—1toi
0 1

Tool Frame T9: More interested in knowing the transformation from robot’s base (origin) to
robot’s end-effector (tool) frames

TS = 4,4, A,
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Sanity Check: Try homogeneous and tool transformation matrices with 2-link planar
manipulator

Link k Hk dk a ay
1 0, 0 0 L,

Link k Hk dk (045 (085

Step 1: Solve individual homogeneous transformation matrices A4;

_691 _561 0 11C91_ _C92 _562 0 lzcgz_
s6 ch 0 [;s6O s6 ch 0 [,s60
A 2|01 1 1°Y1 d A, 2 |°72 2 250
=lo 0 1 o0 an =10 0 1 o0
0 0 0 1 | L 0 0 0 1
Footnote: hand-checked Al and A2 10/31/16, 11/04/16; and 04/04/19. © Copyrlght PaU| Oh 2020

Also see Spong pg. 84-85 Robot Modeling and Control 2006 Edition



Step 2: Solve product of homogeneous transformation matrices A;

C12 —S12 0 licy + 1cq5]

S C 0 Il;sq+1Ls
T = A4, = (1)2 (1)2 X 110212

L0 0 0 1 |

Cx = cos B, and s, = sinf
where k k k k
c1o = cos(f; + 8,) = cos B, cos B, — sin 6, sin 6,

S1, = sin(6; + 8,) = sin 6, cos 8, + sin 6, cos 6,

Note: The last column gives (x, y) position of end-point. Compare to (1) from before

Xpo = lic1 + lrcq

Ypo = L1851 + 1351,

Takeaway: DH notation gives step-by-step analytical method to ultimately determine the (x, y)
position of a tool (end-effector) with respect to base frame (i.e. forward kinematics)

Inverting the tool matrix, should enable one to determine the joint values needed to put tool at
desired (x, y) and is called inverse kinematics which is topic of next lecture.

Footnote: hand-checked T,° 10/31/16, 11/04/16; and 04/04/19. 1
Also see Spong pg. 84-85 Robot Modeling and Control 2006 Edition © Copyrlght Pau' Oh 2020



